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In this work, we study Kirchhoff type problems on a bounded domain. We consider the
caseswhere the nonlinearity is superlinear near zero but asymptotically 4-linear at infinity,
and the nonlinearity is asymptotically linear near zero but 4-superlinear at infinity. By
computing the relevant critical groups, we obtain nontrivial solutions via Morse theory.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Let Ω be a bounded domain in RN (N = 1, 2, 3) with smooth boundary ∂Ω . We consider the following Kirchhoff type
problems with Dirichlet boundary value conditions:−

a+ b
∫
Ω
|∇u|2 dx

1u = f (x, u), inΩ,
u = 0, on ∂Ω.
(1.1)
Here a, b > 0 are real constants; the nonlinearity f ∈ C(Ω × R,R) satisfies the following condition:
(f∗) there exist C > 0 and p ∈ (2, 2∗) such that |f (x, t)| ≤ C(|t|p−1 + 1), where p ∈ (2, 2∗), 2∗ = +∞ for n = 1, 2 and
2∗ = 6 for n = 3.
Let X = H10 (Ω) be the usual Sobolev space endowed with the norm
‖u‖ =
∫
Ω
|∇u|2dx
1/2
.
The condition (f∗) implies that the functionΦ: X → R,
Φ(u) = a
2
‖u‖2 + b
4
‖u‖4 −
∫
Ω
F(x, u) dx, F(x, u) =
∫ u
0
f (x, t) dt,
is well defined and of class C1, and weak solutions of the (1.1) are the critical points ofΦ .
Recently, the problem (1.1) has captured some research interest. For example, Perera and Zhang [1] considered the case
where f (x, ·) is asymptotically linear at 0 and asymptotically 4-linear at infinity. They obtained a nontrivial solution of the
problems by using the Yang index and critical group. Then, in [2] they considered the cases where f (x, ·) is 4-sublinear,
4-superlinear and asymptotically 4-linear at infinity. With various assumption on f (x, ·) near 0, they obtained multiple
and sign changing solutions. Similar results can also be found in [3]. Assume that f (x, ·) is odd; for this case, a sequence of
solutions {un} such thatΦ(un)→+∞was obtained by He and Zou [4].
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In this work, following the idea of [5,6] on the study of p-Laplacian problems, we consider the cases where f (x, ·) is
superlinear at 0 but asymptotically 4-linear at infinity, and asymptotically linear at 0 but 4-superlinear at infinity. To state
our results, we must recall some results on the nonlinear eigenvalue problem−‖u‖21u = µu3, inΩ,
u = 0, on ∂Ω. (1.2)
In [1], using the Yang index, Perera and Zhang constructed an unbounded sequence of eigenvalues 0 < µ1 ≤ µ2 ≤ · · · of
(1.2). Moreover, given µ ∈ R, define Iµ : X → R by
Iµ(u) = ‖u‖4 − µ
∫
Ω
u4 dx.
Then, Iµ ∈ C1(X,R); for the given µ, the solutions of (1.2) are precisely the critical points of Iµ. Let us denote by Σ the set
of all the eigenvalues of (1.2). If µ ∉ Σ , then u = 0 is an isolated critical point of Iµ. Therefore C∗(Iµ, 0), the critical groups
of Iµ at 0, make sense. The following result is proved in [1].
Proposition 1.1 ([1, Prop 3.3]). If µ ∈ (µm, µm+1) \Σ , then Cm(Iµ, 0) ≠ 0.
Now we are ready to state our results. Firstly, we consider the cases where f (x, u) is superlinear at 0 but asymptotically
4-linear at infinity. We assume:
(f1) For some µ ∉ Σ , we have
lim|u|→∞
f (x, u)
bu3
= µ, uniformly on x ∈ Ω.
(f2) The following limit holds uniformly on x ∈ Ω:
lim|u|→0
F(x, u)
u2
= +∞.
(f3) 2F(x, u)− f (x, u)u > 0 for all x ∈ Ω and u ≠ 0.
Theorem 1.2. Assume (f∗), (f1), (f2) and (f3); then (1.1) has a nontrivial solution.
Next, we consider the case where f (x, u) is asymptotically linear at 0 but 4-superlinear at infinity. We denote by
0 < λ1 < λ2 ≤ · · · the eigenvalues of −∆ on H10 (Ω). For the sake of simplicity we also define λ0 = −∞. We make
the following assumptions:
(f4) For some λ ∈ (λk, λk+1), we have
lim|u|→0
f (x, u)
au
= λ, uniformly on x ∈ Ω.
(f5) There exist θ > 4 and R > 0 such that
0 < θF(x, u) ≤ f (x, u)u, for x ∈ Ω and |u| ≥ R.
Theorem 1.3. Assume (f∗), (f4) and (f5); then (1.1) has a nontrivial solution.
The case where f (x, u) is 4-superlinear at infinity was considered in [3,2]. Unlike our condition (f4), the assumptions on
f (x, ·) near zero in [3,2] only involve the first eigenvalue λ1. Such assumptions imply that u = 0 is a local minimizer of Φ .
This is not the case in our Theorem 1.3 if k ≠ 0.
The work is organized as follows. In Section 2 we show that all the critical groups of Φ at zero and at infinity are trivial
provided f (x, ·) is superlinear at zero and 4-superlinear at infinity, respectively. In Section 3 we prove our main results.
2. Critical groups
Let u be an isolated critical point ofΦ withΦ(u) = c. the qth critical group ofΦ at u is defined by
Cq(Φ, u) := Hq(Φc ∩ U, (Φc ∩ U) \ {u}), q ∈ N = {0, 1, 2, . . .}
where U is any neighborhood of u, H∗ is the singular relative homology with coefficients in an Abelian group G and
Φc = Φ−1(−∞, c].
We say that Φ satisfies the Palais–Smale condition if any sequence {un} ⊂ X such that {Φ(un)} is bounded and
Φ ′(un)→ 0 has a convergent subsequence. IfΦ satisfies the Palais–Smale condition and the critical values ofΦ are bounded
from below by some α ∈ R, then the critical groups ofΦ at infinity are those that were introduced by Bartsch and Li [7]:
Cq(Φ,∞) := Hq(X,Φα), q ∈ N. (2.1)
By the deformation lemma, the right-hand side of (2.1) does not depend on the choice of α.
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Proposition 2.1 ([7, Prop 3.6]). Suppose that Φ ∈ C(X,R) satisfies the Palais–Smale condition and has only finitelymany critical
points. Let 0 be an isolated critical point of Φ . If for some k ∈ N we have Ck(Φ, 0) ≠ Ck(Φ,∞), then Φ has a nonzero critical
point.
Lemma 2.2. Assume that (f∗), (f2) and (f3) are satisfied; then Cq(Φ, 0) ∼= 0 for all q ∈ N.
Proof. Given u ∈ X \ {0}, chooseM > 0 such that
β := a
2
‖u‖2 −M|u|22 < 0.
For thisM , there is C1 > 0 such that
F(x, t) ≥ Mt2 − C1|t|p, (x, t) ∈ Ω × R.
Thus for s > 0 we obtain
Φ(su) = as
2
2
‖u‖2 + bs
4
4
‖u‖4 −
∫
Ω
F(x, su) dx
≤
 a
2
‖u‖2 −M|u|22

s2 + b‖u‖
4
4
s4 + C1|u|ppsp = βs2 +
b‖u‖4
4
s4 + C1|u|ppsp.
Since β < 0 and p > 2, there exists s0 ∈ (0, 1) such that
Φ(su) < 0, for s ∈ (0, s0). (2.2)
Assume thatΦ(u) ≥ 0, that is
a‖u‖2 + b
2
‖u‖4 ≥ 2
∫
Ω
F(x, u) dx.
Then according to (f3), for u ∈ Φ−1[0,+∞) \ {0}, we obtain
d
ds

s=1
Φ(su) = d
ds

s=1

as2
2
‖u‖2 + bs
4
4
‖u‖4 −
∫
Ω
F(x, su) dx

= a‖u‖2 + b‖u‖4 −
∫
Ω
f (x, u)u dx
≥ a‖u‖2 + b
2
‖u‖4 −
∫
Ω
f (x, u)u dx ≥
∫
Ω
(2F(x, u)− f (x, u)u)dx > 0. (2.3)
Next, we follow the argument in the proof of [8, Prop 2.1]. From (2.2) and (2.3), we see that for any u ∈ Φ−1[0,+∞) \ {0},
there exists a unique T = T (u) > 0 such thatΦ(Tu) = 0. Moreover, sinceΦ(Tu) = 0, from (2.3) we deduce
d
dt

t=T
Φ(tu) = 1
T
d
ds

s=1
Φ(sTu) > 0.
Thus, by the Implicit Function Theorem we see that T is continuous on Φ−1[0,+∞) \ {0}. If Φ(u) ≤ 0, we set T (u) = 1.
Then T : X → R is continuous.
We now define η : [0, 1] × X → X by
η(s, u) = (1− s)u+ sT (u)u, (s, u) ∈ [0, 1] × X .
It is easy to see that η is a continuous deformation from (X, X \ {0}) to (Φ0,Φ0 \ {0}). By the homotopy invariance of the
homology group, we have
Cq(Φ, 0) = Hq(Φ0,Φ0 \ {0}) ∼= Hq(X, X \ {0}) ∼= 0, q ∈ N. 
For the proof of Theorem 1.3, we may assume that Φ has only finitely many critical points. It has been shown
in [2, Lem 2.2] that under the assumptions (f∗) and (f5) the functional Φ satisfies the Palais–Smale condition. Hence, the
critical groups C∗(Φ,∞) ofΦ at infinity make sense.
Lemma 2.3. Assume that (f∗) and (f5) are satisfied; then Cq(Φ,∞) ∼= 0 for all q ∈ N.
Remark 2.4. If a = 1 and b = 0, then this result is due to Wang [9].
Proof. By (f5), there exist c1, c2 > 0 such that
F(x, u) ≥ c1|u|θ − c2.
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Since θ > 4, it follows that for u ∈ S = {u ∈ X : ‖u‖ = 1}, we have
Φ(tu) = a
2
t2 + b
4
t4 −
∫
Ω
F(x, tu) dx →−∞
as t →+∞. Let
M = |Ω| max
(x,u)∈Ω¯×[−R,R]
F(x, u)− 14 f (x, u)u
 .
For all v ∈ X , by (f5), for |v| ≥ Rwe have
F(x, v)− 1
4
f (x, v)v ≤

1− θ
4

F(x, v) ≤ 0.
Therefore∫
Ω
F(x, v) dx− 1
4
∫
Ω
f (x, v)v dx ≤
∫
|v|≤R

F(x, v)− 1
4
f (x, v)v

dx ≤ M. (2.4)
Choose
α < min

−M, inf‖u‖≤1Φ(u)

.
For any u ∈ S there exists t > 1 such thatΦ(tu) ≤ α. IfΦ(tu) ≤ α, by (2.4) we have
d
dt
Φ(tu) = at + bt3 −
∫
Ω
f (x, tu)u dx = 4
t

a
4
t2 + b
4
t4 − 1
4
∫
Ω
f (x, tu)tu dx

≤ 4
t

a
2
t2 + b
4
t4 −
∫
Ω
F(x, tu) dx+M

= 4
t
(Φ(tu)+M) ≤ 4
t
(α +M) < 0.
Therefore, by the Implicit Function Theorem, there exists a unique T ∈ C(S, R) such thatΦ(T (u)u) = α.
Using the function T , we can follow the argument in [10, Page 4] to construct a strong deformation retract from X toΦα ,
and deduce
Cq(Φ,∞) = Hq(X,Φα) ∼= Hq(X, X \ {0}) = 0, q ∈ N. 
3. Proofs of the theorems
Having computed the critical groups of Φ at zero and at infinity, we are ready to present the proofs of our main results.
Following [1], we introduce the following functionals on X:
Φ0(u) = a2

‖u‖2 − λ
∫
Ω
u2 dx

, Φ∞(u) = b4

‖u‖4 − µ
∫
Ω
u4 dx

.
Now, we state a variant of [1, Prop 4.2].
Proposition 3.1. (i) Suppose that (f∗) and (f1) hold. Then for all sufficiently large R > 0, there is a functional Ψ∞ ∈ C1(X,R)
such that
Ψ∞(u) =

Φ(u), ‖u‖ ≤ R,
Φ∞(u), ‖u‖ ≥ 2R.
Moreover, the critical points of Ψ∞ are all contained in the ball BR = {u ∈ X : ‖u‖ < R}; in particular, they are critical
points of Φ .
(ii) Suppose that (f∗) and (f4) hold. Then for all sufficiently small ρ > 0, there is a functional Ψ0 ∈ C1(X,R) such that
Ψ0(u) =

Φ0(u), ‖u‖ ≤ ρ,
Φ(u), ‖u‖ ≥ 2ρ.
Moreover, the critical points of Ψ0 are all located outside of the closed ball B¯2ρ ; hence they are critical points of Φ .
Remark 3.2. The proof of Proposition 3.1 is similar to that of [1, Prop 4.2], and therefore it is omitted here. In [1, Prop 4.2],
since the problem is asymptotically linear near zero and infinity, it is necessary to truncate the functional near zero and
infinity simultaneously. Here, we only need to truncate the functional near the asymptotically linear end.
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Proof of Theorem 1.2. Since µ ∉ Σ , we may assume that µ ∈ (µm, µm+1) \ Σ . Moreover, Ψ∞ satisfies the Palais–Smale
condition. SinceΦ∞ = b4 Iµ and 0 is the only critical point of Iµ, using Propositions 1.1 and 2.1 we obtain
Cm(Ψ∞,∞) ∼= Cm(Φ∞,∞) ∼= Cm(Iµ,∞) ∼= Cm(Iµ, 0) ≠ 0.
On the other hand, by Lemma 2.2 we have
Cm(Ψ∞, 0) ∼= Cm(Φ, 0) = 0.
Hence Cm(Ψ∞,∞) ≠ Cm(Ψ∞, 0). Proposition 2.1 yields a nonzero critical point u of Ψ∞. By Proposition 3.1(i), this is a
nonzero critical point ofΦ . 
Proof of Theorem 1.3. It has been shown in [2, Lem 2.2] thatΦ satisfies the Palais–Smale condition. Since Ψ0 = Φ outside
B2ρ , Ψ0 also satisfies the Palais–Smale condition. Using Lemma 2.3 we have
Ck(Ψ0,∞) ∼= Ck(Φ,∞) ∼= 0.
On the other hand, since Ψ0 = Φ0 in Bρ , we have
Cq(Ψ0, 0) ∼= Cq(Φ0, 0) ∼= δq,kG
because λ ∈ (λk, λk+1) implies that 0 is a nondegenerate critical point with Morse index k ofΦ0. We see that Ck(Ψ0,∞) ≠
Ck(Ψ0, 0). Again, Proposition 2.1 yields a nonzero critical point u of Ψ0. By Proposition 3.1(ii), this is a nonzero critical point
ofΦ . 
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